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Abstract 

In this paper, we have considered the g-essence and its particular cases, k-essence and 
f-essence, within the framework of the Einstein-Cartan theory. We have shown that a single 
fermionic field can give rise to the accelerated expansion within the Einstein-Cartan theory. 
The exact analytical solution of the Einstein-Cartan-Dirac equations is found. This solution 
describes the accelerated expansion of the Universe with the equation of state parameter 
w — — 1 as in the case of ACDM model. 
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1 Introduction 

In the last decades, General Relativity has been extended in several directions in order to solve 
some of the problems left open by Einstein's theory in both the ultra-violet and the infra-red 
regime. One of such extensions is the Einstein-Cartan theory. In particular, it was proposed that 
the inflation period of our Universe could be described by the spin density which was present in 
the primordial period of the Universe within the context of Einstein-Cartan gravity theory (see e.g. 
[T]-[B] and references therein). Here we also would like to mention the paper [7] where was studied 
exotic low density fermionic states in the two measures field theory. In this work we study the 
dynamics of fermion fields within the framework of the Einstein-Cartan theory. For the f-essence 
case we construct the simple but not trivial solutions of the models. 

This work is organized as follows. In section 2 is presented the main properties of the Einstein- 
Cartan theory. In the following section 3 we consider the g-essence for the Einstein-Cartan theory 
case. The k-essence and the f-essence are presented in sections 3 and 4, respectively. The exact 
solution of the Einstein-Cartan-Dirac equations is given in section 5. We present our conclusion 
in section 6. 

2 Formalism of the Einstein-Cartan gravity 

In this section we briefly review the description of a fermion field coupled to the Einstein-Cartan 
gravity theory (see e.g. [l]-[9]). In this case the affine connection T p ^ v has the form 

r^ = f^ + A^, (2.i) 
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where T„ is the Cristoffel symbol and K v is the contortion tensor defined by 

K\» = \ {C\ + C up x + Cj) . (2.2) 
Here the torsion tensor is given by 

[if 1 ni> 1 vfx ^ [[11/ 

The tetrad ef. is defined as: 



C X uu — r^iy r =2r r i. (2.3) 



9V = e°e'r?a6, (2.4) 

where ?/ a h = diag(l, — 1, — 1, —1) is the Minkowski metric tensor. The tetrad e° satisfies the fol- 
lowing tetrad condition 

V v e a » = 8 v e a » + T^e ap + uj u ab e£ = 0, (2.5) 
where uj v ab denotes the spin connection. The Riemann tensor is defined as: 

R a \ v - d^„ ab - 9,< h + lo^coJ ~ u>r^ c \ (2-6) 
and the the Ricci tensor is given by 

R^v = ea e bvR ab <?[i- (2-7) 

Here 

u; b = z;» + K a % (2.8) 

where 

^ ab = ^(d»e b p - d p e\) - ^(d,e a p - 9,e«) + ^(d a e p - d p e%)e ba e cll . (2.9) 



Note that 



R»u = R»u + V A A' A „„ - V„K \ x + K\ X K\ V - K x ev K" x , (2.10) 



where the R pv and Va are the Ricci tensor and the covariant derivative referred to the Cristoffel 
symbol , respectively. In this paper, we use the following representations for the Dirac matrices 

-<° - (; -°,) ■ i- - (.2- °o) ■ 

where / = diag(l, 1). 

3 G-essence 

Here we consider the Einstcin-Cartan gravity with the g-essence Lagrangian. Its action reads as 

1 



S = I d 4 xe 



eZe» b R ab +K(X,Y,<f>,TP,i;) 



16ttG 



(3.1) 



where e = det(e%) and G is the gravitational constant. For simplicity, we assume that the La- 
grangian of the G-fields has the form 

K = atiX + a 2 X n + a 3 Vi (<f>)+Y -mu- V 2 (^, V), (3.2) 

where otj,/3j are some real constants, u = ipip and 

X = O.5 5 ^V^V„0, Y = 0.5i(^fD^ - D^i>) (3.3) 
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are the canonical kinetic terms, is the covariant derivative associated with metric g^ v . For the 
Friedmann- Robertson- Walker metric 

ds 2 = dt 2 - a 2 (t)dx 2 , 
the equations of the model have the form 

3H 2 - 8ttGp 
2H + 3H 2 + 8nGp 

4>+[SH+ (In ( ai + a 2 nX n - 1 ))S a * Vl * 



ol\ + a 2 nX 



n-l 



ip + l.5Hi() + im^ip + i^f°-^2- — 37rGi 7 °(V' 7 5 7 V)(757jV') 

dtp 

%b + l.5H'd> — irmpj — i—rj-j° + 37rGi(V'757' i '0)(V'757i)7 
dtp 

p + 3H(p + p) 

Here the total energy density p and the pressure p of the sources are given by 

p = ai X + a 2 (2n- l)X n - a 3 V 1 + m$ip + V 2 - ^cr 2 , (3.11) 

p = a x X + a^ + a 3 V 1 + ± d ^ + d ^±-Vz-^. (3.12) 

I dip dip 2, i 

The seach for exact solutions of the coupled system of differential equations (3.5)-(3.10) is a very 
hard job. So we omit this case (see e.g. [30]- [H] for General Relativity case). 

4 K-essence 

If in the action (3.1) we set 

K = K 1 {X,4>), (4.1) 

then we get the following action for the k-essence scalar field (j> minimally coupled to the gravita- 
tional field g^ v OH- [31 







= o, 


(3.5) 


= o, 


(3.6) 


= o, 


(3.7) 


= o, 


(3.8) 


= o, 


(3.9) 


= 0. 


(3.10) 



S = d xe 



e^R^ + KtiX,, 



16ttG 



(4.2) 



5 F-essence 

The action of the f-essence we write as _ 



-^ a elR% u +K 2 {Y^,i>) 



(5.1) 



16ttG 

In this section we consider the case [l]-[6] 

K 2 = Y -mu-V 2 {ip,ip), (5.2) 

where ip and ip = ip^j denote the spinor field and its adjoint, respectively, m is the fermion mass 
and V its potential of self-interaction, u = ijnp. The covariant derivatives D^ip and D^ip are given 
in terms of the spin connection uj^ lb by 

= drf + i< b [ 7o , 7i] ip, Drf = d$ - [ 7o> 76 ] . (5.3) 



3 



The field equations are obtained from the action (|5.1[) as follows. The variations of the action 
(5.1) with respect to the tetrad, ip, ip and the spin connection imply the following equations, 
respectively, (see e.g. pQ- [5]) 

Rfiu — yRg/j.u — 8ttGT^ v 
dV 2 



iy^Duip - mip -f 

dip 

dV2 

dip 



iD^ip^ + mip + 



0. 


(5.4) 


0. 


(5.5) 


0. 


(5.6) 


0. 


(5.7) 



C» KX + A-KGe abcd e a x e h K e c ^^) 

where e a bcd is the Levi-Civita tensor, C^ kX is the torsion tensor, the energy-momentum tensor is 
given by 



T »v = ^(Vnv-D 'fitp - D^ v ip) - Cg^y. (5.8) 

Note that the corresponding contortion tensor is given by 

K\ = -2wGe abcd e«e b u e cX (iPw d iP). (5.9) 

We now consider the Einstein-Cartan gravity with the spinor field in a homogeneous and 
isotropic Universe described by the spatially flat FRW metric (3.4). Then the equations of the 
model take the form [I]- [5] 

3H 2 - 8ttG P 
2H + 3H 2 + 8nGp 

tp + l.hHip + im^°ip + ^7° — \ — SnGi^/ ( , 0757 I '0)(757iV ; ) 

dip 

ip + 1.5i?V» — im-07° — i—rj-j° + 37rGi('4>"/5Y' l P)('4>l5li)l 
dip 



where 



SttG 2 ip dV 2 dV 2 ^ 3nG 2 2 

p = mu + V 2 c , V = — H = vi c , cr 

' 2 ' y 2 dip dtp 2 2 



(iplsldip) 2 



= o, 


(5.10) 


= o, 


(5.11) 


= o, 


(5.12) 


= o, 


(5.13) 


= o, 


(5.14) 



(5.15) 



Using the methods e.g. of [23]- [29], let us now construct the solution of this system for simplicity 
assuming 

MA 



o 

1p2 

w 

Then its simplest but not trivial solution has the form 



(5.16) 



8ttG 



a 


= eN 3 


ipo 


= K e iK 


</'2 


= K 2 e iK 



-Va l+A 



iK-^6TvGV t-A 



where A,Kj, Vq,k are some real constants. The corresponding potential is given by 



V 2 — Vq — mu 



3nG 



Note that for this solution the density of energy and the pressure take the form 

P = Vo, p=-V Q 
so that the equation of state parameter is w = — 1. 



(5.17) 
(5.18) 
(5.19) 

(5.20) 
(5.21) 
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6 Conclusions 

In this paper, we have considered the g-essence and its particular cases k-essence and f-essence 
for the Einstein-Cartan gravity theory case. We have shown that a single fermionic field can give 
rise to the accelerated expansion within the Einstein-Cartan theory. The simplest solution of the 
Einstcin-Cartan-Dirac equations is found. This solution describes the accelerated expansion of the 
Universe with the equation of state parameter w = — 1 . 
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